Abstract. Let R be a ring and d ¥=0 a. derivation of R such that d(x") = 0, n •» n(x) > 1, for all x G R. It is shown that if R is primitive then J? is an infinite field of characteristicp > 0 andp\n(x) if d(x) =£ 0. Moreover, if R is prime and the set of integers n{x) is bounded, the same conclusion holds.
1. Introduction. For an element a of a ring R, the mapping da: x -* ax -xa of R into itself is a derivation, the inner derivation determined by a.
In terms of derivations, Herstein's hypercenter theorem [1] states that if R is a ring with no nonzero nil ideals and a E R is such that da(x") = 0, n = n(x) > 1, for all x E R, then da = 0. A natural question related to this result is the following:
If R is a ring with no nonzero nil ideals and d is an arbitrary derivation of R such that d(x") = 0, n = n(x) > 1, for all x E R, can we conclude that R must be rather special or d = 0?
Of course, one cannot expect that d will always be 0. In this paper we show that if 7? is primitive and d i= 0 is a derivation of R such that d(x") = 0, n = n(x) > I, for all x E R, then 7? is an infinite field of characteristic/? > 0 wherep\n(x) if d(x) =£ 0. Moreover, if 7? is prime and the integers n(x) have a finite maximum as x ranges over 7?, the same conclusion holds.
2. The case R is prime with nontrivial idempotents. We begin with As an immediate consequence we have the following:
Corollary.
Let R be a prime ring with nontrivial idempotents. If d is a derivation of R such that d(x") = 0, n = n(x) > 1, for all x E R, then d = 0.
Proof. Let e be a non trivial idempotent in R. If x E R, then, as is quickly checked, / = e + ex -exe is an idempotent. Hence, d(f) = d(f"<-f)) = 0 and the result follows. 3 . The case 7? is primitive. In order to settle the primitive case we need the following: We now settle the primitive case.
Theorem 1. Let R be a primitive ring with a derivation d ¥= 0 such that d(x") = 0, n = n(x) > I, for all x E R. Then R is an infinite field of characteristic p > 0 where p\n(x) ifd(x)¥=0.
Proof. Since 7? is primitive, it is a dense ring of linear transformations on a vector space V over a division ring A. If for some x ^ 0, in 7?, dimA Vx = 1 (i.e., x is of rank one), then R has a minimal right ideal. So, either R has nontrivial idempotents or 7? is a division ring. By the corollary to Lemma 1, the first possibility leads to d = 0, contrary to our assumptions. Thus, R is a division ring and, by Lemma 2, the result follows. In other words, we may assume that dimA Vx > 1 for all x E R.
Let x =£ 0 be in R and suppose that, for some v E V, vd(x) and vx are linearly independent over A. By the independence of vx and wx over A we conclude that X(v) = X(v + w) = X(w). Since X is constant on these independent elements, and since dimA Vx > 1, we get X(v) = A, X independent of v, for all v E V. We are now in a position to prove Theorem 2. Let R be aprime ring with a derivation d =£ 0 such that d(x") = Ofor all x E R, where n > I is a fixed integer. Then R is an infinite commutative domain of characteristic p > 0 where p\n.
Proof. Let S = RC be the central closure of R. By Lemma 3, R satisfies a generalized homogeneous multilinear identity. Therefore S satisfies this same generalized identity. By Martindale's theorem [4] , S is a primitive ring containing a minimal right ideal eS, e2 = e, and A = eSe is a division algebra finite dimensional over C. Moreover, by Lemma 4, we can extend d to a derivation on S, which we shall also denote by d.
We claim that d(e) = 0. In fact, let U =£ 0 be an ideal of R such that eU Q R. Let u E U; since e2 = e, = 0, and the claim is established. Now, let x E S. Then / = e + ex -exe is an idempotent; moreover, / =^= 0 for otherwise e = fe = 0. By the minimality of eS, we have fS = eS and so, by the argument used above, d(f) = 0. Since d ¥= 0, by Lemma 1 we conclude that e = 1. Hence S is a division ring finite dimensional over C and every element in S is of the form az~x where a E R, z ¥= 0 is in the center of 7? [3, Theorem 1. 4.3] . Thus the condition d(x") = 0 holds in S and, by Lemma 2, the result follows.
Finally, let 7? be a prime ring with a derivation d ^ 0 such that d(x") = 0, n = n(x) > 1, for all x E R. Suppose further that the integers n(x) have a finite maximum, N, as x ranges over 7?. Then, from the derivation properties, d(xNX) = 0 for all x E R and the conclusion of the above theorem holds. Note. As the referee pointed out to us, the process of extending derivations to the central closure (and even larger rings of quotients) has been done previously by others, e.g. Kharchenko (Differential identities of prime rings, Algebra i Logika (2) (1978), 220-238) and Kovacs (Idempotent derivations of prime rings, Technion preprint series no. MT-447, Haifa, Israel, 1979).
